In this paper, we investigate the application of the maximum principle preserving (MPP) parametrized flux limiters to the high order finite volume scheme with Runge-Kutta time 
Introduction
Recently, there is a growing interest in designing high order maximum principle preserving (MPP) schemes for solving scalar convection-dominated problems [17, 16, 15, 9, 10, 12] , positivity preserving schemes for compressible Euler and Navier-Stokes equations [8, 13, 11, 18] . The motivation of this family of work arises from the observation that many existing high order conservative methods break down when simulating fluid dynamics in extreme cases such as near-vacuum state. To illustrate the purpose of the family of the MPP methods, we shall consider the solution to the following problem Efforts for designing MPP high order schemes to solve (1.1) can be found in recent work by Zhang et al. [16, 19] , as a continuous research effort to design high order FV and discontinuous Galerkin (DG) MPP schemes based on a polynomial rescaling limiter on the reconstructed (for FV) or representing (for DG) polynomials [17] . This approach requires the updated cell average to be written as a convex combination of some local quantities within the range [u m , u M ]. For convection-diffusion problems which do not have a finite speed of propagation, it is difficult to generalize such approach to design MPP schemes that are higher than third order accurate. In [9] , an alternative approach via a parametrized flux limiter, developed earlier by Xu et al. [15, 12] , is proposed for the finite difference (FD) RK WENO method in solving convection diffusion equations. The flux limiter is applied to convection and diffusion fluxes together to achieve (1.3) for the approximated point values in the finite difference framework. In this paper, we continue our effort in applying the MPP flux limiters to high order FV RK WENO methods to maintain (1.3) with efficiency. Furthermore, we provide some theoretical analysis on the preservation of high order accuracy for the proposed flux limiter in FV framework. Finally, we remark that our current focus is on convectiondominated diffusion problems for which explicit temporal integration proves to be efficient.
For the regime of medium to large diffusion, where implicit temporal integration is needed for simulation efficiency, we refer to earlier work in [5, 3, 2, 4] and references therein for the construction of the MPP schemes with finite element framework. The generalization of the current flux limiter is not yet available and is subject to future investigation.
The MPP methods in [17, 15, 12] are designed base on the observation that first order monotone schemes in general satisfy MPP property (1.3) with proper Courant-FriedrichsLewy (CFL) numbers, while regular high order conservative schemes often fail to maintain (1.3). The MPP flux limiting approach is to seek a linear combination of the first order monotone flux with the high order flux, in the hope of that such combination can achieve both MPP property and high order accuracy under certain conditions, e.g. some mild time step constraint. This line of approach is proven to be successful in [12, 9] for the FD RK WENO schemes and it is later generalized to the high order semi-Lagrangian WENO method for solving the Vlasov-Poisson system [14] . A positivity preserving flux limiting approach is developed in [13] to ensure positivity of the computed density and pressure for compressible
Euler simulations. Technically, the generalization of such MPP flux limiters from FD WENO [9] to FV WENO method is rather straightforward. Taking into the consideration that FV method offers a more natural framework for mass conservation and flexibility in handling irregular computational domain, we propose to apply the MPP flux limiters to the high order FV RK WENO method to solve (1.1). The proposed flux limiting procedure is rather easy to implement even with the complexity of the flux forms in multi-dimensional FV computation. Moreover, a general theoretical proof on preserving both MPP and high order accuracy without additional time step constraint can be done for FV methods when solving a linear advection equation; such result does not hold for high order FD schemes [12] .
In this paper, for the first time, we establish a general proof that, there is no further time step restriction, besides the CFL condition under the linear stability requirement, to preserve high order accuracy when the high order flux is limited toward an upwind first order flux for solving linear advection problem, when the parametrized flux limiters are applied to FV RK WENO method. In other words, both the MPP property and high order accuracy of the original scheme can be maintained without additional time step constraint. For a general nonlinear convection problem, we prove that the flux limiter preserves up to third order accuracy and the discrete maximum principle with no further CFL restriction. This proof relies on tedious Taylor expansions, and it is difficult to generalize it to results with higher order accuracy (fourth order or higher). On the other hand, such analysis can be extended to a convection-dominated diffusion problem as done in [9] . Furthermore, numerical results indicate that mild CFL restriction is needed for the MPP flux limiting finite volume scheme without sacrificing accuracy. For more discussions, see Section 3.
The paper is organized as follows. In Section 2, we provide the numerical algorithm of the high order FV RK WENO schemes with MPP flux limiters. In Section 3, theoretical analysis is given for a linear advection problem and general nonlinear problems. Numerical experiments are demonstrated in Section 4. We give a brief conclusion in Section 5.
A MPP FV method
In this section, we propose a high order FV scheme for the convection-diffusion equation. In the proposed scheme, the high order WENO reconstruction of flux is used for the convection term, while a high order compact reconstruction of flux is proposed for the diffusion term.
For simplicity, we first consider a one dimensional (1D) case. The following uniform spatial discretization is used for a 1D bounded domain [a, b],
with the computational cell and cell center defined as
Letū j denote approximation to the cell average of u over cell I j . The FV scheme is designed by integrating equation (1.1) over each computational cell I j and then dividing it by ∆x,
3)
are the numerical fluxes for convection and diffusion terms respectively.
For the convection term, one can adopt any monotone flux. For example, in our simulations, we use the Lax-Friedrichs flux
), where P (x) is obtained by reconstructing a (2k+1) th order polynomial whose averages agree with those in a left-biased stencil {ū j−k , · · · ,ū j+k },
The reconstruction procedure for u + j+ 1 2 can be done similarly from a right-biased stencil. To suppress oscillation around discontinuities and maintain high order accuracy around smooth regions of the solution, the WENO mechanism can be incorporated in the reconstruction.
Details of such procedure can be found in [1] .
For the diffusion term, we propose the following compact reconstruction strategy for approximating fluxes at cell boundaries a(u) x | x j+ 1
2
. Without loss of generality, we consider a fourth order reconstruction, while similar strategies can be extended to schemes with arbitrary high order. Below we let u j denote approximation to the point values of u at x j .
1. Reconstruct {u l } j+2 l=j−1 from the cell averages {ū l } j+2 l=j−1 by constructing a cubic polynomial P (x), such that
We use R 1 to denote such reconstruction procedure,
As a reference, the reconstruction formulas for R 1 are provided below,
Then letĤ
Such procedure is denoted aŝ
As a reference, we provide the formula for R 2 beloŵ
Remark 2.1. The reconstruction processes for R 1 and R 2 operators are designed such that
is reconstructed from a compact stencil with a given order of accuracy. Because of such design, for the linear diffusion term a(u) = u, R 1 and R 2 can be combined and the strategy above turns out to be a classical fourth order central difference from a five-cell stencil witĥ
Step 1 is reconstructed from symmetrical stencils (having the same number of cells from left and from right), the reconstruction ofĤ
will depend on a much wider stencil {u j−3 , · · · u j+4 }. Such non-compact way of reconstructing numerical fluxes for diffusion terms will introduce some numerical instabilities when approximating nonlinear diffusion terms in our numerical tests, whereas the proposed compact strategy does not encounter such difficulty.
We use the following third order total variation diminishing (TVD) RK method [6] for the time discretization of (2.3), which reads
where L(ū n ) denotes the right hand side of equation (2.3). Hereū n and u (s) , s = 1, 2 denote the numerical solution of u at time t n and corresponding RK stages. The fully discretized scheme (2.5) can be rewritten as
with λ = ∆t ∆x and H rk j+
).
HereĤ C,(s) j+ It has been known that the numerical solutions from schemes with a first order monotone flux for the convection term together with a first order flux for the diffusion term satisfy the maximum principle, if the time step is small enough [19] . However, if the numerical fluxes are of high order such as the one from the reconstruction process proposed above, the MPP property for the numerical solutions does not necessarily hold under the same time step constraint. Next we apply the parametrized flux limiters proposed in [12] to the scheme (2.6) to preserve the discrete maximum principle (1.3).
We modify the numerical fluxĤ 
by carefully seeking local parameters θ j+ 1 2 , such that the numerical solutions enjoy the MPP property yet θ j+ denotes the first order flux for convection and diffusion terms, using which in the scheme (2.3) with a forward Euler time discretization guarantees the maximum principle of numerical solutions. For example, we can takê
The goal of the procedures outlined below is to adjust θ j+ 1 2 , so that with the modified fluxH rk j+ 1 2 , the numerical solutions satisfy the maximum principle,
Detailed procedures in decoupling the above inequalities have been intensively discussed in our previous work, e.g. [12] . Below we only briefly describe the computational algorithm for the proposed limiter.
The MPP property is satisfied with the modified flux (2.7) when the following inequalities are hold,
Finally, the local limiter parameter θ j+ 1 2 at the cell boundary x j+ 1 2 is defined as
), (2.11) so that the numerical solutionsū 
Without loss of generality, we consider a set of uniform mesh
]. A semi-discrete FV discretization of (2.12) gives
), (2.13)
, y)dy is the average of the flux over the right boundary of cell I i,j .ĝ i,j+
can be defined similarly. The fluxf i+ 1 2 ,j is evaluated by applying the Gaussian quadrature rule for integration,
Here Σ ig represents the summation over the Gaussian quadratures with ω ig being quadrature weights and u i+ 1 2 ,ig is the approximated value to u(x i+ 1 2 , y ig ) with y ig being the Gaussian quadrature points over [y j− ]. u i+ 1 2 ,ig can be reconstructed from {ū i,j } in the following two steps. Firstly, we reconstruct 1 ∆x
To do this, we construct a polynomial Q(y) such that 1 ∆y
with j belongs to a reconstruction stencil in the y-direction as in the one-dimensional case.
Then Q(y ig ) is a high order approximation to 1 ∆x
u(x, y ig )dx. We let R y to denote such reconstruction process in y-direction. Secondly, we construct a polynomial P (x) such that 1 ∆x
with i belongs to a reconstruction stencil in the x-direction as in the one-dimensional case.
). Such 1D reconstruction process is denoted as R x . The 2D reconstructing procedure can be summarized as the following flowchart
Detailed information on the 2D reconstruction procedure is similar to those described in [1] .
The 2D MPP flux limiter is applied in a similar fashion as those in [10, 9, 12] . Thus details are omitted for brevity.
Remark 2.2. The proposed generalization of the parametrized flux limiter to convectiondiffusion problems is rather straightforward. In comparison, it is much more difficult to generalize the polynomial rescaling approach in [17] to schemes with higher than third order accuracy for convection diffusion problems. The approach there relies on rewriting the updated cell average as a convex combination of some local quantities within the range
; this is more difficult to achieve with the diffusion terms [16, 19] . Moreover, the proposed flux limiter introduces very mild time step constraint to preserve both MPP and high order accuracy of the original FV RK scheme, see the next section for more discussions.
Theoretical properties
In this section, we provide accuracy analysis for the MPP flux limiter applied to the high order FV RK scheme solving pure convection problems. Specifically, we will prove that the proposed parametrized flux limiter as in equation (2.7) introduces a high order modification in space and time to the temporal integrated flux of the original scheme, assuming that the solution is smooth enough. A general proof on preservation of arbitrary high order accuracy will be provided for linear problems. Then by performing Taylor expansions around extrema, we prove that the modification from the proposed flux limiter is of at least third order, for FV RK schemes that are third order or higher in solving general nonlinear problems.
The entropy solution u(x, t) to a scalar convection problem
Integrating (3.2) over the time period [t n , t n+1 ], we havē
where λ = ∆t/∆x and
The entropy solution satisfies the maximum principle in the form of
For schemes with (2k + 1) th order finite volume spatial discretization (2.6) and p th order RK time discretization, we assume
Our analysis is in the sense of local truncation analysis assuming the difference between
. Under a corresponding (2k + 1) th order reconstruction, the difference between the point values u(x j , t n ) and u n j is also of high order. In the following, we use them interchangeably when such high order difference allows.
For the MPP flux limiter, we only consider the maximum value part as in equation (2.9).
The proof of equation (2.10) 
There are four cases of the maximum value part (2.9) outlined in the previous section. The estimate (3.7) can be easily checked for case (a) and (d) under the assumption (3.6) and the fact (3.5), see arguments in [12] . Below we will only discuss case (b), as the argument for case (c) would be similar.
First we give the following lemma:
Lemma 3.1. Consider applying the MPP flux limiter (2.7) for the maximum value part (2.9) with case (b), to prove (3.7), it suffices to have
Proof. For case (b), we are considering the case when
)) < 0, and
which indicates that it suffices to have (3.8) to obtain (3.7) with the assumption (3.6).
if u(x, t) is the entropy solution to (3.1) subject to initial data u 0 (x).
Proof. Consider the problem (3.1) with a different initial condition at time level t n ,
here u(x, t n ) is the exact solution of (3.1) at time level t n . Assumingũ(x, t) is its entropy solution corresponding to the initial dataũ(x, t n ), instantly we havē
would not hit the side x j+ , thereforeũ
. Also sinceũ satisfies the maximum principleũ ≤ u M , we havē
Substituting (3.11), (3.12) and (3.13) into the above inequality, it follows that
For the case f (u) < 0, we have the following Theorem 3.3. Assuming f (u) < 0 and λ max u |f (u)| ≤ 1, we havē
if u(x, t) is the entropy solution to problem (3.1) subject to initial data u 0 (x).
Proof. The proof is similar. The only difference is that in this case, we shall consider an auxiliary problem (3.1) with initial datã 
holds if equation
is the first order Godunov flux for the modification in (2.7).
Proof. The theorem can be proved by combining earlier arguments in this section, observing
The conclusion from Theorem 3.4 is that the MPP flux limiters for high order FV RK scheme does not introduce extra CFL constraint to preserve the high order accuracy of the original scheme. In the linear advection case, Theorem 3.4 simply indicates that It is difficult to generalize the above approach to general convection-dominated diffusion problems. However, we believe this is one important step toward a complete proof. Below, by performing Taylor expansions around extrema, we provide a proof of (3.7) with third order spatial and temporal accuracy (k = 1, p = 3) for a general nonlinear problem. We consider a first order monotone fluxĥ j− 1 2 =ĥ(ū j−1 ,ū j ) in the proposed parametrized flux limiting procedure (2.7). And we define
where L 1,j and L 2,j are two coefficients related to the monotonicity condition [7] . Let L = max j |L 1,j + L 2,j |, we have Proof. Using the earlier argument, we will only prove (3.8), assuming
)) < 0. We mimic the proof for the finite difference scheme in [12] . First we use the 3-point Gauss Lobatto quadrature to approximatef j+
Following the characteristics, we geť 19) where λ 1 and λ 2 can be determined from
For the finite volume method, u(x * , t n ) in (3.19) can be approximated by a second order
− λ 2 ∆x, t n ) and u 3 = u(x j+ 1 2 , t n ), we have
We prove (3.8) case by case. We first consider the case x M ∈ I j , with u M = u(x M ), u M = 0 and u M ≤ 0. We perform Taylor expansions around x M ,
Denoting z = (x j − x M )/∆x, the approximation in (3.21) can be rewritten as
Based on similar Taylor expansions of (3.22), for the flux function f , from (3.22) and (3.23),
we would have
we can determine η 1 and η 2 by substituting them into (3.20) and we have
For the first order monotone fluxĥ j− 1 2 =ĥ(ū j−1 ,ū j ), it can be written aŝ
where f (ū j−1 ) =ĥ(ū j−1 ,ū j−1 ) due to consistence. L 1,j is negative and bounded due to the monotonicity and Lipschitz continuous conditions. On the other hand,ĥ j− can also be written asĥ
where f (ū j ) =ĥ(ū j ,ū j ), and L 2,j is negative and bounded.
With above notations and u M = 0, we now discuss the following two cases:
as in (3.25) and we havē
where
with
] and L 1,j ≤ 0. The minimum value of function g 1 with respect to z is
so that g(z, λ 0 ) ≥ 0. Since u M ≤ 0, from (3.27) we obtain (3.8).
• If f (u M ) < 0, we have λ 0 ∈ [−1, 0]. We takeĥ j− 1 2 in (3.26), similarly we have (3.27) and
] and L 2,j ≤ 0. The minimum value of g 2 with respect to z is
that is g(z, λ 0 ) ≥ 0. Since u M ≤ 0, from (3.27) we also obtain (3.8).
Now if x M / ∈ I j , however there is a local maximum point x loc M inside the cell of I j , the above analysis still holds. We then consider that u(x) reaches its local maximum u
, we have u j− 1 2 < 0. We takeĥ j− 1 2 as an average of (3.25) and (3.26) . From the Taylor expansions in (3.24), following the same procedure as above, with
)/∆x = 1/2, we havē
(3.34) can be rewritten as
It is easy to check that s 3 > 0 and ], such that u (x #,2 ) = 0. For these two cases, u j− 
where u (x #,3 ) < 0, we have
with u j+ 1 2 ≥ 0 can be proved similarly. Combining the above discussion, (3.8) is proved.
Therefore, for the general nonlinear convection problem, the MPP flux limiters preserve the third order accuracy of the original FV RK scheme without extra CFL constraint.
Remark 3.7. The above proof relies on characteristic tracing. It is difficult to directly generalize such approach to the convection-diffusion problem. On the other hand, similar strategy as that used in [9] by using a Lax-Wendroff strategy, i.e. transforming temporal derivatives into spatial derivatives by repeating using PDEs and its differentiation versions, can be directly applied here. A similar conclusion can be obtained that the MPP flux limiters preserve the third order accuracy of the original FV RK scheme for the convection dominated diffusion equation without extra CFL constraint. To save some space, we will not repeat the algebraically tedious details here.
Remark 3.8. It is technically difficult to generalize the proof in Theorem 3.6 to higher than third order, especially with the use of general monotone fluxes, for example, global
Lax-Friedrich flux
On the other hand, the use of the global Lax-Friedrich flux with an extra large α is not unusual; yet it is quite involved to theoretically or numerically investigate such issue in a nonlinear system. Instead, we use a monotone but over-diffusive flux witĥ
for a linear advection equation u t + u x = 0 with a set of carefully chosen initial conditions.
Such scenario is set up to mimic the use of global Lax-Friedrich flux with an extra large α for general nonlinear systems. In Table 3 .1-3.3 below, we present the accuracy test for using the parametrized flux limiter with an over-diffusive first order monotone flux (3.37) with α = 1.2 on a linear 5th, 7th and 9th order FV RK schemes, which denoted to be "FVRK5", "FVRK7", "FVRK9" respectively. A mild CFL constraint around 0.7 with time step ∆t = CF L∆x/α is observed to be sufficient to maintain the high order accuracy of the underlying scheme with the MPP flux limiter. Table 3 .1: L 1 and L ∞ errors and orders for u t +u x = 0 with initial condition u(x, 0) = sin 4 (x). T = 1. The over-diffusive global Lax-Friedrichs flux (3.37) is used with α = 1.2. FVRK5.
Numerical simulations
In this section, we present numerical tests of the proposed MPP high order FV RK WENO method for convection diffusion problems. Schemes with and without MPP limiters are compared. In these tests, the time step size for the RK method is chosen such that
for one dimensional problems and ∆t = min CF LC max |f (u)|/∆x + max |g (u)|/∆y , CF LD max |a (u)|/∆x 2 + max |b (u)|/∆y 2 , (4.2)
for two dimensional problems. Here CFLC (CFLD resp.) represents the CFL number for the convection (diffusion resp.) term. In our tests, we take CF LC = 0.6 for convectiondominated problems and CF LD = 0.8 for pure diffusion problems. Herein we let "MPP" Table 3 .2: L 1 and L ∞ errors and orders for u t +u x = 0 with initial condition u(x, 0) = sin 4 (x). T = 1. The over-diffusive global Lax-Friedrichs flux (3.37) is used with α = 1.2. FVRK7. and "NonMPP" denote the scheme with and without the MPP limiter, and U max (U min resp.) denote the maximum (minimum resp.) value among the numerical cell averagesū j . To better illustrate the effectiveness of the MPP limiters, we use linear weights instead of WENO weights in the reconstruction procedure for the convection term.
Basic Tests
Example 4.1. (1D Linear Problem)
We test the proposed scheme on the problem (4.3) with initial condition u(x, 0) = sin 4 (x) and periodic boundary condition. The exact solution is
The L 1 and L ∞ errors and orders of convergence for the scheme with and without MPP limiters are shown in Table 3 .3: L 1 and L ∞ errors and orders for u t +u x = 0 with initial condition u(x, 0) = sin 4 (x). T = 1. The over-diffusive global Lax-Friedrichs flux (3.37) is used with α = 1.2. FVRK9.
We then test problem (4.3) with the initial condition having rich solution structures
where G(x, β, z) = e −β(x−z) 2 and F (x, γ, a) = max(1 − γ 2 (x − a) 2 , 0). The constants involved are a = 0.5, z = −0.7, δ = 0.005, γ = 10 and β = log 2/(36δ 2 ) and the boundary condition is periodic. The maximum and minimum cell averages are listed in Table 4 .2. In Figure 4 .1, the effectiveness of the MPP limiters in controlling the numerical solution within theoretical bounds can be clearly observed.
Example 4.2. (1D Nonlinear Equation)
We test the FV RK scheme with and without MPP limiters on Burgers' equation
with initial condition Table 4 .2: The maximum and minimum values of the numerical cell averages for problem (4.3) with initial conditions (4.5) at time T = 1.0.
and periodic boundary conditions. The results in Table 4 We then consider problem (4.7) with initial condition 9) and periodic boundary condition. The results are shown in Table 4 .5: Maximum and minimum cell averages in the 2D linear problem (4.7) with initial condition (4.9) at time T = 0.1. 
otherwise, and
The initial condition is 
where and periodic boundary conditions. The numerical results in Table 4 
whose solution is the Barenblatt solution in the following form
and u + = max(u, 0). The boundary conditions are assumed to be zero at both ends. Starting from time T 0 = 1, we compute the numerical solution of the problem up to time T = 2 by the FV RK scheme and the results are shown in Table 4 
with initial condition
and periodic boundary conditions. We produce the numerical results at time T = 0.005, as shown in Table 4 Table 4 .9: Maximum and minimum cell average values for 2D porous medium problem (4.14) at time T = 0.005.
Incompressible Flow Problems
In this subsection, we test the proposed scheme on incompressible flow problems in the form where u, v is the divergence-free velocity field and Re is the Reynold number. The theoretical solution satisfies the maximum principle due to the divergence-free property of the velocity field. For the numerical solution to satisfy the maximum principle, discretized divergence-free condition needs to be considered, hence special treatment needs to be taken when low order flux for the convection term is designed. For details, see [12] , according to which we design the low order monotone flux for the following incompressible problems. 
The initial condition is shown in Figure 4 .4 and the boundary condition is assumed to be periodic. The numerical solution at time T = 0.1 is shown in Table 4 .10, which indicates that there are overshooting and undershooting in the numerical solution by regular FV RK scheme and they can be avoided by applying the MPP limiter. The solutions with and without MPP limiter are also compared in Figure 4 .5. From Table 4 .10 and Figure 4 .5, the effectiveness of the MPP limiter can be better illustrated when Renold number is larger. This is because the overshooting and undershooting are more apparent when Reynold number is larger, which corresponds to less diffusion.
Example 4.9. (Swirling Deformation with Viscosity) Table 4 .10: The maximum and minimum cell averages for rotation problem (4.16) with two different Reynold numbers at T = 0.1.
where (x, y) ∈ [−π, π] 2 and g(t) = cos(πt/T )π. The initial condition is the same as in Example 4.8 and the boundary conditions are also periodic. Similarly, we also compare the results for different Reynold numbers Re=100 and Re=10000. As shown in Table 4 .11, the MPP limiter plays the role of eliminating overshooting and undershooting in the numerical solution, especially for problems with larger Reynold number. This can also be observed in Table 4 .11: The maximum and minimum cell averages for swirling deformation problem (4.17) with two different Reynold numbers at T=0.1. and periodic boundary condition. The maximum and minimum cell averages of the numerical solution with two Reynold numbers Re=100 and Re=10000, obtained by regular FV RK scheme and the scheme with the MPP limiter are compared in Table 4 .12, from which we can observe the effectiveness of the MPP limiter in controlling overshooting and undershooting in the numerical solution. The contour plot of the solution is presented in Figure 4 .7, which
shows that the solution obtained by FV RK scheme with the MPP limiter is comparable to that obtained by regular FV RK scheme. Table 4 .12: The maximum and minimum cell averages for vortex patch problem (4.18) at time T=0.1 with Re=100 and Re=10000.
Conclusion
In this paper, we have successfully prove that the FV RK schemes with MPP flux limiters preserve up to third order accuracy without addition CFL constraint. Establishing analysis for accuracy preservation under suitable constraints in a general setting will be part of our future work.
